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Abstract

Recently, the purpose of obtaining the maximum poles of certain zeta functions arises in the
learning theory when one is looking for the generalization errors of hierarchical learning models
asymptotically [3, 4]. The zeta function of a learning model is defined by the integral of its Kullback
function and its a priori probability density function. Today, for several learning models, upper
bounds of the main terms in their asymptotic forms were calculated, but not the exact values, so far.
In this paper, we obtain the explicit value of the main term for a three layered neural network, which
is one of hierarchical learning models.
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1 Introduction

The purpose of the learning system is such as image or speech recognition, artificial intelligence, control
of a robot, genetic analysis, data mining or time series prediction. Their data are very complicated, not
generated by simple normal distributions, since they are influenced by many factors. Learning models
for analyzing such data have to have complicated structures, too. Hierarchical learning models such as a
layered neural network, reduced rank regression, a normal mixture model and a Boltzmann machine are
known as effective learning models. These models have been applied practically to such data. However,
they can not be analyzed by using classic theories of regular statistical models. A few mathematical
theories for such learning models have been known in the past. So it is necessary and crucial to construct
fundamental mathematical theories.

Recently, it was proved that the maximum poles of certain zeta functions asymptotically give the
generalization errors of hierarchical learning models [3, 4]. Furthermore, it was shown that the poles of
the zeta function can be calculated by using desingularization. In spite of those mathematical foundations,
for most examples, only upper bounds of the main terms were calculated but not the exact values, by
two main reasons as follows.

(1) By Hironaka’s Theorem [2], it is known that desingularization of an arbitrary polynomial can
be obtained by using a blowing-up process. However desingularization of any polynomial in general,
although it is known as a finite process, is very difficult. Furthermore, (a) most of Kullback functions are
degenerate (over R) with respect to their Newton polyhedrons, (b) singularities of Kullback functions are
not isolated, (c¢) Kullback functions are not simple polynomials, i.e., they have parameters, for example,
pof P _ (=P _, amb?~1)2, which is one of Kullback functions for the three layered neural networks.

We note that there are many classical results for calculating the maximum poles of the zeta functions
whose dimension is two, using desingularization of plane curves. Also there have been many investigations
for the case of the prehomogeneous spaces. Kullback functions do not occur in the prehomogeneous spaces.
Therefore, to obtain desingularization of Kullback functions is a new problem even in mathematics, since
most of these singularities have not been investigated.

(2) Since the main purpose is to obtain the maximum pole, desingularization is not enough. We need
some techniques for comparing poles as real numbers. However, as far as we know, there had been no
theorem for comparing poles yet.

In the paper [1], we have clarified the maximum pole and its order of the reduced rank regression
which is the three layered neural network with linear hidden units. In this paper, we use a recursive
blowing-up, an inductive comparing method and a toric resolution for obtaining those values of the three
layered neural network.



2 Main Theorems and poles of the zeta function for the three

layered neural network
In this section, Main Theorem 1 and Main Theorem 2 are stated below. Results in Main Theorem 2 are
related to the three layered neural network. They are obtained from Main Theorem 1 which contains
more general cases.
Let w = (agw),~-~ ,aéw),bgw),~-~ ,b(w)) € R?? be a parameter, w* = (a},--- yap, by, by) € R?P g
constant value vector and U* = Ul ... agbi by @ sufficiently small neighborhood of w*. Let @ be an
arbitrary natural number
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where z is an one-dimensional complex value and P > 2p.

In the case of the three layered neural network, @ is two, which is shown later.

Let b1*9, ... 0% be different real numbers in {b*9 | b*“ # 0} from each other:

{0179, o9 £ b5 i # ) = {9 | b9 £ 0}, and 4] = —( > b7, ) /07
{m | by, 9=b7*33,

(w) _ *Q _ pxxQ _ (w) <7<
Also set af* = 0, bg* = 0. Put B B = {7 b* =bh s #B(Tw)’ 1STST Ghere #
By ={i| b =0}, so=#DBy
implies the number of elements. So Y7 s, = p. Let 7 (7 < r) be the total number of a** # 0. We
can assume that aj* # 0,--- ,a2* # 0, a2%, = 0,--- ,a* = 0. Then we have .7 _, a;*nb;‘nQ("*l)H =

7 n— n w w Q(n—1)+1
— Y et a**b**Q( DHL for any n € N. Set H( ) — => meB® am)bgn) (=

definitions, we have J¢(2) fU*{Zn 0T HIYETTE L dal dbS). Let

JT(z):/U ) ZHS’ oIl dalwapiw.
AR

n=1 meB™)
Let =A%, —A; be the maximum poles of J(2) and J-(2), respectively, and ¢ the order of —Af,.

+ @D+ By the

Remark 1 1If p+7 = 2, Rw] /(321 (327 _, H,)?) is not anormal ring. If p+7 > 3, Rlw] /(321 (X)_, H,)?)

is a normal ring.

Main Theorem 1
(1) We have Ny = 377 _o Ar.
Q(ﬁ?) + 7g) + 250

(2) Ao = 1070 +1 , fio =max{i € Z | Q(i* — i) + 2i < 250},
Nry, +ny + 28, ) ) . , _
Ary = 4—7 Ny, —1l=max{i € Z | i* +i < 2s,,}, if1<m <7,
iy
Nr, + 02, +2(s, — 1 . P s
A, = ) 4 (o )’ n"”z*l:maX{ZEZ|12+Z§2(57’2*1)}7 ifr+1<m<r
Nory
(3) Set © = {ro, 71,72 | QA — 7o) + 200 = 257,,70 = 0,57, > 1,

(ny, —1)2+nqy —1=2s;,8, >1,1 <7 <F,
(N = 1)2 4 nry —1=2(5r, —1),8,, > 1,7 <1 <71}

Then 0 = #0O + 1.

Consider the three layered neural network with one input unit, p hidden units, and one output unit
which is trained to estimate the true distribution represented by the model with 7 (7 < p) hidden units.
Denote an input value by = € R with a probability density function ¢(z) with compact support W C
[-1,1]. Then an output value y of the three layered neural network is given by y = f(z, w)+(noise), where

flz,w) =3P agn)tanh(b( x). Consider a statistical model p(y|z,w) = \/% exp(—3(y — f(z,w))?).
Assume that a true distribution is p(y|z,w*) which is included in the learning model, where w* =
(ai,...,a5,b7,...,b5), |bf| < m/2, i = 1,...,p. Let W* be the true parameter set: W* = {w €
W | f(z,w) = f(z,w*) for any x}. Suppose that an a priori probability density function ¥ (w) is a

C*°— function with compact support W where ¥ (w*) > 0. Then the maximum pole of fW K(w)*ydw is

P

equal to that of JJ (2 / {Z Z a(w)b(“’)zn ' Z a’ b 2" 12 2 dw, where P is a sufficient large
n=1 m=1 m=1

integer. It is proved by a Taylor expansion at 0 together with Lemma 5 in [3].



Remark 2 Let o(x) = > 0%, ayxQ=D+! with a; # 0. Then, the maximum pole of
S i ( aWodz) — P ar o(br,2))2q(z)dz)*h(w)dw, and its order are the same ones in

m=1"m

Main Theorem 1 The function tanh x satisfies this condition with Q = 2.
Main Theorem 2

(1) The mazimum pole —\ and its order 6 are obtained by setting @Q = 2 in Main Theorem 1. More
precisely, we have A = maxgew~ Ay with its order 6.

(2) In particular, assume that W* includes all w satisfying f(z,w) = f(x,w*):

W* ={w eR? | f(z,®) = f(x,w*) for any x}.
-2 : = .p 0 =

Then for p—7+1 > 10, we have)\:FjL% and 0 = { ;: ZzzQig_;: where ¢ =

P+i+2p—7+1)
4j
L if(G-1)°+j-1<2(p—-7+1), 2 8
= —1= < — .

0 { o (124 j—1=2p—i+1) where j—1=max{{ €Z | +¢<2(p—7+1)}
(a1
(2

max{¢ € Z | ¢* < (p—7)}. Forp—7+1 < 10, we have A\ = ¥ — 1 + and

Remark 3 (1) We have the condition @ = <y dp,b1,...,by) € W* if and only if for any 1 < 7 <7,

there exists 1 < & < p such that bQ = b**Q ) You can see a kind of phase transitions at p —7+1 = 10.
Main Theorem 2 gives the generahzatlon error of the three layered neural network asymptotically.

P D p p
Define - {Z(Z ag;;”)bg?)Q(n—l)—&-l _ Z * b;an(7z—1)+1)2}z H daﬁ,’f)db&“)
nlgl nzp:l m 1
_ Z Z agﬁ,)bg::, yQn—1)+1 n Z **b**Q n— 1)+1 } H da w)db(w
n=1 m=1 m=1 m=1
Qir . Q0 >
Put the auxiliary function f, ; by fni(x1, - ,2) = ZJH‘ +i=n—1 11 SO %f n=120,
) ’ 0, ifn—1<0.

Lemma 1 Let n, EGN SetC'—Z al b, (b, b’lQ)~-~(b’mQ—b§71Q) fori=1,--- L.

m=i ‘m-m

Then we have Z ay bl QUn—D+1 _ = fn1(B))C] + fr2(b],05)C5 + -+ fro(by, -+, bp)Cy.
m=1
PTOOf It is pI'OVCd by f’fl,l(xla"' axl—hyl)_fn,l(xla'“ axl—lazl):(le_Zl )fnl-i-l(xla ! axl—hzl?yl)'

Q.E.D.

p T
wQ ’LUQ Kk 7ok ok >k 3k ’LUQ * %k wQ
Let G = 3 alb) (000 —50") - 0% =) 7)o+ 37 amb (@ = 7)o 2 -5 )

i—
m=i m=1

for i < p, and
- 0@ , .
Com D anbi @ = o) 0 = %) (6@ =) (O b, @) for p < i < R

m=i—p
P

By Lemma 1, we have ¥ = {Z fa( )01 + fo, 2(b(w b(w e fnm(bgw)7 . ,bl(f"))C’p
P
+fn,p+1< g )7 b(w) b**)CP+1 +- +fn,p+7~‘(bgw)a"' 7b§)’w)7by{*7"' ab;’f*) p+7’"’ }Z H da%})db%)

w Q w)@
We can assume that b9 = p3*9 ... p*@ = p**@ and that if b*, 9 # b, @ then b # bfn,) on U*.
Then since b # 0, be - b;fQ # 0 for 1 <i < j <r, we can change the variables from az(-w) to d; by
d; = C;. Next consider the case i > r. There exist functions g(i,m) # 0 on U* such that

Ci= 3 gliman I 0@% =%+ 3 gm0 b

i<m<p 1<i/<i—1, i<m<p 1<i/<i—1

bin=0 7 b¥ =0 bin 70 b, Q=by, @
+ g g(i,m + p)ayy H (b;fQ—bg ) ) for r < i < p, and
m=1 1<if<io1,
b;f,Q:h;‘y:‘Q

T

w)@ . N
Ci= Z g(i,m +pagy H (b5 Q = b)) for p < i < p 4 7.

m=i—p 1<i’/<p,



™), if by =0,
w) BT —pr@ i@ = b @ £ 0 0,
Let a; = a’(' ) i=r+l,...,p, and b; = @)Q Z(w)aQ : «Q **Q# ’a**#
v a;fjp i=p+1,....,p+T7, K b; —by 7, i =07 #£0,a =0,
1<i<p,
When we distinguish a*, b* from a(*), b) we call a = a*, b = b* constants. Let
JP =pQ =1, Fr+l,.. p+ 7 (2)

Put p’ = p+ 7. Then we have

Ci = > glimambm [ 0n® -0+ > glim)ambm [ (bm—bi)

i<m<p’, 1<i’/<i-—1, i<m<p’, 1<i/<i—1,
7D =0 aP=afp 78D 20,a%, =0 g =a5)
+ E g(i,m)am H (b, — bir), (3)
i<m<p’, 1< <1,
TP 20,05, £0 J§,1)=J§,1)

for r <4 <p’. By Lemmas 2 and 3 in [1], the maximum pole of [, ¥ and its order are equal to those of
Jw ¥, where

T p
= {d}++d2+CHy+ -+ CHL Y [] ddm H day, H db() Hdb I dbm. @
m=1 m=r—+1 m=r+1 m=r—+1

Since we often change variables during a blowing-up process, it is more convenient for us to use the
1"

same symbols e,, rather than e/, e’  ---, etc, for the sake of simplicity. For instance,
€1 = V11 . €1 = V11
“Let ” instead of “Let , 7
€m = V11€m, Em = V11€,,

3 Proof of Main Theorem 1: Part 1

Take J(®) € R*. Denote J® = (J(@) ) and a > o by J@ > J©) Also denote J® = (0,---,0) by
J@ =0 or J(@) = 0. Set Z, = NU{0}. We need the following inductive statements of k, K, « for
calculating poles by using the blowing-up process.
Inductive statements

Set E = {m | ey, is non-constant }, E; = {m | J) = (059, %)}, s(J@) =#{m | m >k + 1,J,(,?) =
J@ me E}, and s(i, J@) = #{m | k+1<m <i—1,J%) = J@ m e E} for J@ e Re,
(a)k=ko+---+k, K=Ko+---+K,, Ko > ko,and K; > k,+1for 1 <7 <r, where kg,...,k € Zy
and Ky, ... ,TK € Z,. Set k’(a) = k;.

b ¥ = ([T 0f ot - v2sz>(d%+d3+---+d%<) Z ey I

1=K+1 7=01[1= lr
Hdd HHdvlT H dam, [ dem J] abi. (5)
7=010=1 m=K+1 k+71n§€72§p m=7r+1

Here, tlT,qlT € Z,. Also, there exist RJ(®) c R*, t(i, J,(I,7)) € Z, and functions g(i,m) # 0 such

that C; — H L0 G0 0oy S g e T (€8 - €9)

i<m<p’ k+1<i/<i

788 =0 7 =0
m i/
t(z J,(1,7)) t(z Ji(2,7)) t(i,J,(kr,7)) .
+ E H U ) E g(i,m)amenm H (em — €ir)
JERJ (@) 7=0 i<m<p’ k+1<i/<i
r I =g Ji(/a):J
t(6,J,(1,7))  t(i,7,(2,7)) (i, J,(kr,7)) ;
+ E H (v Vg R ) E g(i,m)am, H (em — €47).
JERJ(@)U{0} 7=0 i<m<p’ k41<i/ <i
7§ = Ji(,“)=J

(@) JS £ I for k< i <i< K. J ¢ RI©® U{0} for k <i < K.
(d) t(4, Jf,f‘), (I,7)) > ti;/2 for all J,(Tf“), i <m < p"and there exist D ;) ;) € Z4 such that ¢(i, J) (1,7)) =

Z D0<M>,(1,T)(Q3(ivO(#)H'l)+ Z DJWL(I,T)(S(Z"J(”))‘Fl)*‘ Z DJ(“),(I,T)S(Z.7J(#))'

I >0 75 25 7§ > 5w
T erg(n) J) grI(W) U{0}



9,y
tir
(e) There exist g -y, € Zy, nf()“)ﬁ, € Z such that l? = Z (1+nf()m)ﬁ,+' : '+77§§3,,(l,f),7-/) for all 7/,

and 9a,7),v < ZJ”SY(L)L)>J(M> DJ(,A)’(ZYT) for m € E,. =t
(©) y © ) © G) ()
0 <1, S Q0SNG0 0 1m0 < 2@ 0 <0G 1 070 m 0F Ky 1m0 < @B, and

(&) () (6) () (6) (&)
0 < 772,([,7‘),7" < 1’0 < n2,(l,7’),7” +7737(l,‘r),7" < 2’ T ’0 < n2,(l,7’),7” +773,(l,‘r),7" +o +77KT/,(I,T),T’ < K”'/ - 1’

775,5()1,7-),7-' =0, for 7' > 1.
(€) (€) (6 : _
S0+t 1m0 200 1m0 T T Kotk 10 00 if ' =0,
(F) Let o)) o= st 1 2 A KL< <

S+ nf()l,'r),'r’ + 2772?()l,‘r),7" R K"'lngz/,(l,'r),‘r” ifr<r <7

There exist ¢ ;) € Zy such that
9,y © p’
a1,y = Z Py TP+ Z (=90, + Z Dy 1,7)), and
£=1 m=k+1meE_, Jfr?)ZJ(“)

qr+1= Z:':o q,7),r - The end of inductive statements

Statements (d), (e) and (f) are needed to compare poles. The definitions of all variables will be given
later on in the proof.
Special Case Fix 7. We call the case satisfying the following two conditions Special Case.

. Jéf) is the same for any m € Ex,

kY Hfo<F<T kW o< F<T
os(Jé?)): st — kz ’(Q) l_fq_t_r’ s(K+1,JM) = Kz k@)’ 1-f(3_7~_r, for JW < J{)
s —1 -k ifF <7<, Kz -k —1ifr <7<,
APV G if 7 = 0,
Then we have the followings: (a’) Kz = { ke +1, if 7> 1
ZJr(f)ZJ(“) DJ(M)y(lﬁT)(QS(’L', 0(“)> +1), it 7 =0,m € Ejp,
(d7) t(l7 J?gfbl)7 (la T)) = ijf)zj(u) DJ(”),(Z,T)(S(L J(M)) + 1)7 ifr<7 < r,me E7~'7
> @y Do @i, JH), if 1 <7 <% me E:.
N ga,r),7
; tir 3 3
(€) g7 = 22 g5 g0 Dw (1) 5 = gz (1+ n](_,()l,‘r),i' +ot 772,@77),%)-
=1 ex
For J(1) < J}T?)7 there are &’s as many as DJw)’(l,T)(S 9(1,7),7) such that 77@,(1@; < { ? g ; ; (1):
(&) _ _ & _ (6) _ _ (&) _ e
Mams = T g T O T s T K1) F T Q, if 7 =0,
© . © —0.n® R (3) _ -
e T T M gy T O’nk;"')Jrz,(z,T),% = =g aane= 1L HlsT<r
So + 775,5()1,7),0 + 277;?()1,7),0 +oeet KO”%Z,(LT),O’ if 7=0,
) () o (&) (€) (&) : ~ o=
() Set ¢ 7= 57+ 1(?) )7 22772,(1,7),% Tt ](:g:nK-;,(l,'r),%’ fls7=<t,
8¢ T s T 200 T KRN 10y 50 ifr<7<r
Then (.77 = > ooy 90%7)7—)7-7—'
(o) — * \Q . <i<F
Remark 4 Special Case F; satisfies JZ;) ((67)*,0,....,0) (@) ?f (~) - T =T
T = ((b)2,00r 1,...,0 0r 1) and Jy’ € RJ®) if 7 <7 <,

for all m € Fx.

3.1 Step1
Set K():O,Kl:KQZ"':KTZI,kOZkl:"':kT:O7a:1’
RIW = (g | br # 0,07 = 0,7 < i < p}tir = 0, = 0, and (i, J, (1,7)) = 0, where J\") is defined
by Eq.(2). Also set all parameters in (d)~ (f) by 0, Then, by putting e; = b; in Eq.(3), we have the
inductive statements when K =r, k =0 and o = 1.
3.2 Step 2
We assume the case k, K, . Let us concentrate on Cg 1.
Set JB@ = {7\ e R 3(1,7),¢(K + 1,75, (1, 7)) > t1r )2},
JOW@ ={J e R t(K +1,J,(1,7)) = t;,/2 for all (I,7)},



C@) = {m > k+1;t(K+1, I, (1,7)) = t1r/2 for all (I,7)}, C"”) = {m € C@;a,,, e, are not constant },
w={l,T1<I<k;,0<7<r}and Q={ACwVJ € JB® J(,7)€ Ast. t(K+1,J,(,7)) > 4}
Fix A € Q whose number of elements is minimum in §: #A®) = mingco #A.

Qs(i, J) + 1, if J=0,J€JCW,

. i, J)+1 if J € RJ(®nJjCc
Alsolet T, = t(i, J, (1 s(, : " (6
"0 S DELICEACL I I it ] € JO@\ (RI@ U {o}), O

(I,r)eA(®) .

0, otherwise,

T= 3 t+2 Q= Y q+E+#A@ 30 1 (7)
(I,r)eAl®) (I,r)eAl®)

Let C\% = {m e €@ | J& ¢ RI@ J5) £ 0,05 # T for all k < i’ < K}.
Case 1 C\*) + ¢.

3.2.1 Transformation in Case 1
If a,,, em with m € C’ia) are all constants, we reorder those as a1, ... ax4; and exy1, ... x4y, 1€,
C! = {K +1,...,K +1}. Then we have

Cr 1 ~
- 1, /2 t2r /2 teor/2 = aK+lg(K+laK+l)+:aK-‘rlg(K_'_laK_'_l)?éOa
[ S (PR R Vg, T )
1" 1

in the neighborhood of {v1; = -+ = vy, = 0}. Therefore, we obtain the poles —u, 0<7<mnr1<
k” < k kT

= T

If there exist non-constants a,,, e, with m € C'*), we can assume that K + 1 € C'® by reordering
and that K + 1 € E;. Then we have — (Uth/,f;’f;/z N =ag+19(K+1,K+1)4---. Change the

T=0\"17 27 Vkpr
variable from ag 1 to dgy1 by dgi1 = - th/f’:;n e Put K, — K, + 1 and we have the
r=0Vir  Vor = U

inductive statements of K — K + 1.
Case 2 C\ = ¢.

Counstruct the blowing-up of ¥’ in (5) along the submanifold {d; =+ =dg = v = e, =0,(l,7) €
A@) m e ¢,
3.2.2 Transformation (i)
Let dy = uy,dy = uydg,2 < £ < K, v;7 = uyvgr, (I,7) € A and e, = uie,,, m € '@, Substituting
Z(l,T)GA(M ar + K+ #A(a) + #C/(a) and T +1

Dryea tir +2 lir

them into Eq.(5) gives the poles — 0<7<r1<

I <k

3.2.3 Transformation (ii)

Fix (k',7) € A, Let dy = vprrdy,1 < 0 < K, 07 = v, (L,7) € A — {(K,7)} and e, =
Vg1 €y, ML € 0" Set tr — T,t(i, J, (K',7")) — T;,; and g — @ by using Eq.(6), (7).

9,7y,
Then, we haVe tk;/T//Q == ( Z tl7—+2)/2 - Z Z (1+77§?()l77_)77_// +"'+77§§)/,7(177_)7T//)+17
(I,m)eA(®) (I,r)eAl)  £=1

r 9,7,

and g + 1= Z (ql'r + 1) + K+ #Cl(a) = Z Z Z 90215,)7)’7-// + Z d)(l,T),T”

(I,r)eAl® (Lr)eA@ | 77=0 ¢=1 =0
r
+ Z Z (_g(lﬂ')ﬂ'” + Z DJ(#)7(177—)) + K+ Z 1
TR i 2w IS esoe) meE

r 9a,7),+"

= X DY bt > = D> gt D D D)

(IL,T)EA@ T'=0 £=1 =0 h+1<m<p/, (I,r)EA@) IS g6 (I,T) €A
J,(,?>eJc<u>,meET,, -



+ Z Z (- Z 9(1,7—),7”+ Z Z D (, T) )+1)+ Z Z b,y K.

T=0 dbismsp, o (1r)e Al JE > g6 (Lr)eA® (I,r)EA@) /=0
7§ ego(a), mo=
mEE "
Put _DJ(Q) (k) — Z lT)EA(O‘) DJ(a) (1, 7_)+]. if J 6 JC(OC) Also put .DJ([.L),(k/7T/) — Z(LT)EA(Q) DJ(#)7(l77—)
T 9,7y,

if JW ¢ JC). Then we have (d) and qurr +1= > ¢ > Z DGy o

T"=0 \ (I,r)eAl» §&=1

+ > =Y gumet Y Diwwa) t Ko+ Y b

k+1<m<p’, () (a) ()
Ipr (meat T 20 (Lm)ea

For all 0 < 7”7 < r, one of the following steps (I), (H)7 Special Case 1 and Special Case 2 is proceeded
with respect to each condition of the case 77. Fix 7"/ = 7.
(T) Assume that there exist (lo, 7o) € A(®) and &, such that 0 < 77(5?1)0 o) 7 "‘7755?1)0 ot —Hﬁgj?(loym)i <

QK:  if7=0, ) (err,9,7) (6
{ Ksol ift7>1 S090m7 = Lameaw 9.+ Let Pzt Pl s DB 50 (7)€

o 1 (9w ,r1y,7) o
A@ =1, ... (17,7 and 772,()1«,7/),%7 . 7”[9((]:/ /; ?he ()z . (L,r)e A ¢=1... . 9(1,7),7 by num-
Ik 1", 7
bering in the same order for any ¢. Then tg . /2 = Z 1+ 77§§()k/7T,)7; + - 4+ 77%27(,6/771)7;) + 1.
£=1
By the assumption (I), there exists & such that 0 < n%g(llz, it ngg(lk, et 77% )( e <
{ QK- if7=0, (&) { S A K o+ 1), i F =07 <F <y

p o~ Let ;57 ,\ - —
K:—1 ifr>1 “Pwms s;+1+nf(1;2/,7/),%+'“+K(77% S R
(&1)

9(k! ). 7
MK (k7). 7 ngé?(k’,-r/)ﬁ' + L b s = Dneat Gir),7 Then we have tyr /2 = 37577 (1 +
(k! "), 7
©) © _ ©
M oryr t o R oy 2) A0 Qs = D Pz +k < ; E s
= +1<m<p’,mekE;

+ Eny?)ZJ(“) DJ(“),(IC’,T’)) + ¢(k’,-r’),7"-- The end of (I)

QK, if 7 = 0,

(@)
Keo1 if 7> 1, for all (I,7) € A*) and ¢&.

(IT) Assume 0 < nf()l,r),% + né,g()z;),% +-+ 77;2,@,7),% = {

ga,r),7
©) ©) ) = G { QK;z +1, if 7 and
T if

. . tir
The assumption (d) gives —- = gl (0 2 0 ) 2 K,
lir — ,
T <N Doon 1 (@50 A0+ DT Dy g (56 T+ DJ(“),(Z,T)S(Z7J(H))

2
J>0(k) J>J(R) J>(1)
T erg(r) 7)) grI(W) U{0}

ki
IV ||

forall J = J\) € R, i <m < p'. If not Special Case, we have gy 7 < J_ ;5 ;) Dy ) form € Ez,

K fo<r<r
. () ™ -z
since s(K +1,J )S{KT_L ifr<r<r

Z 9,77 < Z Z Dy a7y < Z Dy 1 71y (8)

Therefore we obtain

(,r)eA® (L,m)EA@ jlo) > j(w) JE) > ()
g(l,ﬂ'),‘l_'
Let q(k’,T’),'T’ = Z Z @515)7_)7 Z Z g(l,‘r)ﬁ' + Z DJ(F‘)7(k’,T/)) + K
(I,r)eAl® £=1 k+711<€,§<p (I, m)eA T > 7
™).F
Y Sums= D Z Pliry.z Y. = D> guns1
(I,7)EA@) (1,7r) €A =1 k+1§7n<p meEz (I,m)eAle)
— ks fo<7<7
+ > Dy gran) + { So—1—ks ifFf<i<r }+K%+ > buns
I > a6 (1,7) €A
Put g(kz ), F — Z (1,7) c A g(l )7: which satisfies g(k’ '), F S ZJ&V)ZJ(“) Dj(u),(k’,r’) by (8) Set
(g(k/ e | osE, ifr=0,7r<7 § T, 1) (D) 5 (@)
G { s:+1, fl1<7<7 Let @hr oy o7 PO G e (bT) € AT,



1 G, wry,7=1) @
g =1,... y 9(1,7),7s and né,()k/ﬁl),%, B 7747((;;/;7_/;77: be 77@ (l T),70 (l 7') S A ) f = 1 9(i,7),7» by num-
bering in the same order for any /.

(9w 7y,7) > o —kz + Kz + Z(LT)GA(Q) QS(lﬂ—),;—, if 7= 07
Put 7, 735 =0 for £ > 1, and ¢ )7 = A E(Z,T)eA(M b F1<F<r
t Ik 77,7 Ikt w1y, 7
. k!
Then we obtain == = 52 (1 +nf()k’,rf)f +- +77E§) o yry,e) and Qe ;= Z @E? )7
=1
+ Z (=9 )7 + Z Dy (1 7)) + Ber o) 7+ The end of (II)
k+lsm<p',meE; T > 70w
Special Case 1 Assume that J,(,?) ¢ JC@ for all m € Ez. By (¢), we have tj /2 = ( Z tir +
(L,r)eAle)

9gu,r),7 (u) o~
Dy qn(Q(EKo—1—Fky')+1 if 7 =0,
D=1+ Y 3 n(g) - 3 3 { g 1,7 (Q(Ko )+ 1), . 0

9 _ W
(Lr)eA@ ¢=1 (LT)EAE) 7(o)s F() DJ(M),(l,T)((KT 2 -k )+ 1), if1<7<r

t 1t
By using t(K +1,J&, (K, 7)) = > K + 1,0, (7)) = £ and
(I,T)eA)

(w) ; ~
HE + 1,9, (K, 1) = 2mea 22 g5 o Dyw,a,n QKo _(#]jo ) +'1)7 ifm e E0>T~ =0,
E(l;r)eA(a) Z]ﬁf)z,](w DJW),(I,T)(K‘T' - ki— )7 ifmeFEz1<7<r,
Gry 2 Q Z Z DJ(H),([,T) = Q Z g,y 7 if 7= Oa
ety (I, EA@ S5 10 (I,r)EA®
we have 14 Z Z 77%) (”)%S > . i
(I,7r)eA@ ¢=1 e Z Z DJ(#),(l;r) = Z g(l,‘r),f'v if1 é T S r.
(,m)€AE jlo)> j(u) (I,7)eA®
: o (€0) Q if7=0,
So, there exist (lg, 79) € A and & such that N (lo70) 7 { L ifl<i<r

(9 27)7) N
PUt g rrys = ) g(lﬂf‘LGWEQ,T»,;»“' ¢<Z$’“ 0F be‘PEE)T) (I,7) € AW e =1 g4m7

(I,r)eA(®)
and 0y g T be €))L (Lr) € A€ =1, gqp) . by mumbering in the same or-
der for all . Choose & with ‘ng',)r N7 cpgig’)m) - Set nﬁ(i?(kﬂ,f’)i — nggi?(,@,ﬁ,)’% +1 and SOE%,)T'),%
(k! 71y, 7
. .t
<Pgi/)7/) + K. Then we obtain —— = 1+ 775()1«,7'),% o ) wenp) and Qe ez =
e=1

Ik 7,7

Z ‘PE? s The end of Special Case 1

Special Case 2 Assume that I € JC@ for all m € E;. Since (€’) yields

9a,),* -
bir/2 = Z Meramet D Dy 1) (Q(Ko — 1 = k§") + 1), if 7 =0, and
o IS > ) Dy 1,0y (K7 =2 — k‘;“)) +1), if 1

Z D i 1,7y (Q(Ko — k(()”)) +1), if me By, 7=0,

HE 41,79 (1) =< 5w we have
> s g0 Do ) (Kz = k), ifm e B 1 <7 <
s Q Y. Dy =Qgunz if7=0,
O _ I 2w () Q, if 7 =0,
Mo (1) 7 = ) B that is, n;2’ TT—{ . -
52—; et Z D04, = 9075 if1 <7<, K. (b), L lfl <7<
JL) > g
1 (g ’opl )
for all 5 =1,... y 91,7, 7 Put 9k’ 7,7 Z(l T)EA(®) ga,r),7- Let E’J,T')ﬂ:’ to (k(,k R LT be (Pgl ).,_) )
[e% (g It 7') a
(177—) € A( )a 5 =1 y9(1,7),7s and 7]21(]6/77/)’.;7 to 377[7((;:/’,,./;77: be Uég()l ), 7 (lvT) € A( ) f =1-- y9(1,7),7>
¢ OISR
by numbering in the same order for any ¢. Then we have k2T = Z (1+ 7755() R
£=1



G K5 + sz — ks, if7=0 9! vy, 7
05 oy 1)+ Land quus oy 5 = Z o5 .t g + 57— llc;, N ii 1<7 i Fo= o) o
+ sz — s itr<rt<r =1

57 if 7 =0, ( (s ifF=0F<F<r | 1)
_ : ~ ~ I(k! 71y, 7 7 =Y =T, I(k! w1y, 7 _
se+1ifl<sT <7, Soweset pg 2" = { srtl ifl<F<r ey = 0 for
Sz ifr<7<r
¢ Ik! 71,7
k/ ’
14 2 1, and g(kl).r/)77’: e g(klﬂ_/)ﬂ: + 1. We have 27— = Z (1 + nif()k/ﬂ'l)ﬂ: + -+ n§527(k/77/)77~.) and
e=1
IR
A’ )7 Z 90 . The end of Special Case 2

If JC() ;é (/) the following Step(x) is needed.
Step(x) Let j ) be any real number for each m Wlth J € JC@. For m with J3* ¢ JO©@) | et
],(ffﬂ) = 7(,?) where J\) = (J', (a)), J' € Re~! and ]m € R. Cousider a sufficiently small neighbor-
(I3, G e) it gk = o,
(T (a) (04+1)) if J7(r?) £ 0.
t(i,J',(I,7)) for J = (J',*) € R where J' € R<. Change g(i,m) # 0 and e, properly, taking into
account that the neighborhood of e,, = ],(nH) Let RJ(+1) be the set of J satisfying

hood of e, = 57 and fix it. Put JE& = { Let t(i,J,(I,7)) =

Z g(i,m)amem H (em —eir) in C;. Let @ — o+ 1. The end of Step(x)
i<m<p k+1<i/ <i
PG st

Those new parameters defined in Step 2 satisfy Statements (a)~(f) or (a’)~(f").

3.2.4 Transformation (iii)
Fix k. € C"®) Assume that ke € Er. Let dp = v, 41,0de,1 < 4 < Kyep, = Vg, 41,7,V =
Ok 41,707, (1,7) € A and e, = vg_, 41,77€m,m € @ _ {k.}.
(A) If k < k. < K, then we can assume k. = k + 1 by the symmetry of the formulas C;.
(ITI) Do the same procedure in Transformation (ii) by substituting (k.. + 1,7’) into (&', 7/ )
Adding it, set ¢(l,7’),7’” — (—g 9,7y, + ZJ(H) >0 D J(L,7), )+ & (L,7), 7" fOI’ all I, 7 and 7
The end of (III)

Then, putting k,» — k. + 1 and k — k + 1 completes Statements (a)~(f).

Special Case We need (a’) for Special Case. After setting in (A), we have k+1 € ', So,
we can transform in Case 1 with non-constants axi1, ex+1. Then we have K,» — K. +1 and
the inductive statements of K — K + 1.

(B) Next consider the case K +1 < k. < p'.

If J(a ¢ RJ(® and J(a # 0, then there exists i’ < K such that J = J( ) hecause of the
Case 2 assumption. By ‘the symmetry of the formulas C;, we can assume i’ = k.. So the case

results in (A). Consider the case J := J,EZ“) € RJorJ := J]EZ“) = 0. Again by the symmetry, we

Cr+41
f11—/2 f21—/2 trr/2
r=o(v1 )

vgt1(ax+19(K + 1, K + 1) 4+ --+). Now, there is no ax41 in the formulas CZ, i > K+ 2.
So, we can change the variable from ax 11 to dg41 by dxy1 = ag19(K + 1, K+ 1)+ ---:

Cr+1

(Utlr/2 tar/2  tkr
27 Vi

can assume that k. = K +1. By the transformation (iii), we have

Vgt1dK 41 = . Since a1, ex+1 have vanished in all formulas Cj,

we can set the varlables €kt1 — Ckt2y " ,CK — eK+1, together with putting J and RJ(@)
properly. Proceed Step (III) for C;;, K +2 < i < p’. By putting k — k+ 1, K — K+ 1,
krr — k41 and K — K + 1, we have Statements (a)~(f) or (a”)~(f").

By repeating Step 2, the conditions Case 2 (ii), (iii)(A) disappear. So, K is increased with these finite
steps. K = p+ 1 completes the blowing-up process.

4 Proof of Main Theorem 1 : Part 2

Part 1 shows the blowing-up process. To obtain the maximum pole and its order, we prepare the following
theorem.



Theorem 2 Assume that all ng) are Special Case. Then we have the pole A\, whose order 6 in Main
Theorem 1.

4.1 Proof of Theorem 2 : Step 1
Let (1 be the total number of s; = 1 and (2 the total number of s; = 1 with aX* # 0 among 1 <7 < 7.
We can assume that s = -+ = s, = 1, B = {r}for 1 <7 < {3 and spy1 = -+ = Sppci—c, =

[y

B&w) ={r}for 7+1 <7 < (G — G+ 7 Also, we can assume that a,41 = ai*, ..., arp¢, = az
C2
in Eq.(3). Then Cy1q = Z glr+1,m+r)ar b, + Z g(r + 1,m)amb, + Z g(r +
m=1 r+¢a+1<m<p/, r4+¢o+1<m<p/,

1 1
"'r(n):‘) JrSn)ioaa-tn:(]

1,m)ambm, + Z g(r+1,m)a, H (b, — bir). We can change the variable from by to d,11
r+¢o+1<m<p/, Co+1<i/ <7,
50 #0,a%, #0 gD =P
¢2
by dyy1 = Cry1. Also we have Cryo = Z g(r +2,m + r)a b, + Z g(r + 2,m)amb,, +
m=2 r+¢o+1<m<p’,
=0
Z g(r + 2,m)amby, + Z glr + 2,m)an, H (b, — bir). So, change the variable
T4 H1<m<p’, T4 H1Sm<p, Cot1<i/ <7,
I 20,02, =0 I$9 20,02, #0 Jf,l):./,(,%)

from by to d,42 by dr32 = Cry2 and so on. Therefore we have
r+(2

P T 7 P
V={di+ - +di, +C2+-+CE Y [] ddm [ dawm [ % ] dom J[ dbm.
m=1 m=r+1 m=7+1 m=14(2 m=r+1
(9)
Note that b, with s; = 1 disappear in the expressions C; because g(i,m)’s include b,. Put Y’ = #6.
For simplicity, number the set
Q(’ﬁ% —’fLQ)—f—ZFLO = 254, Sy > 1,179 =0,
O = {r, - ,m} = S7,m,72| (N, —1)* + 1y —1=2s,, s, >1,1<7m <7, 3, and
Ny =124 n7y —1=2(8,, — 1), 87, >1,7F<T<r

Qno+1,if 7/ =0
{1, oy vty = {70, |50 > 1,8, > 1,1 <7y <r}. Set n) = { o, ’ ifT:l #0’ for
1 <4 <Y. Then we have n} < sy, if 1 < 7/ < r. Let I be the lowest common multiple of n},...,n}
and let ¢, = # for 1 < ¢ < Y. The greatest common divisor of ¢;’s is clearly 1. Using induction,

we can construct a Y X Y matrix L; = (lfjl)) € My (Z) such that (1) lﬁ) =¥ fori=1,....,Y, (2

det Ly = +1, (3) I](l) = n;ll(jl) for any i > 7, (4) ”3711517)1,]‘ > I](»l). Assume that Y = 2. Since the

greatest common divisor of ¢; and /5 is 1, there exist lg) and l§12) such that 511512) — 621512) = —1. Then

0 (18 —nhiS)y = et 18D —nl a1 4l =l > 0. So ( 2 i%i ) satisfies the above conditions. Let

¢ be the greatest common divisor of la, ...,y and ¢; = 0. Tt isQS?lear that the greatest common divisor

of £;’s is 1. We can assume that we have a matrix Ly = (I};), 2 < 4,j <Y satisfying (1)~(4) for £5,..., fy..

Since the greatest common divisor of ¢; and £ is 1, there exist 1512) and & such that £1&; — 1512)5 =—1.

We then Zlavelﬁ’%lg) O—n’2€’2€2 zon’llg) —nhlaés /€ = n’llg) —nihi&/E = n’llg) — n’llg) +nj/& > 0. Put
1 12 T

Lo 6,252 1,23 l/2Y

L = . We have det Ly = (¢ — 1$)¢/&)& det Ly = (016 — 18D ¢) det Ly =

by byl lyg oo lyy
— det L. So, Ly satisfies the conditions (1)~(4). Next construct a Y x Y matrix

L= (l;;) € My(Z) (10)

such that (i) lﬁ) =/{; fori=1,...,Y, (ii) det L = <1, (iii) for every pair of (3;,8;) with 1 < 8; < nl,
1 S ﬁil S ng/, 1 S i,il S Y, there exists 0 S _] S Y such that ,31[11 = 51”11"17 e ,ﬁilij = ﬂi’li’jaﬁili,j+1 >

10



Birlir jv1s- -5 Biliy > Buliry, or Bilsy = Birlin, ..., Biliz = Birlivg, Bili jv1 < Birlir jy1, -, Biliy < Birliry.

(1V) Ij = n;l” for i > 7, (V) n;l” > Ij, 1< J. 1 Mo - My
(2) ot 00 M M
For any positive integers M, set L(?) = (Li;") = I : CIf il > Bl and
0 0 .. 1
M, ;’s are large enough, then @l( ) > ﬂz/l( ) for all . Also we have I( ). I(l)+IM1 (l(l)Jrl(l)Mlj),
(i > j) and n (l§1)1J —l—lj 11 Myj) > I(1 + 1My, = I( ) , (7 > 2). That is, I(2 = nlll(jz), (i > j), and
n_ 1152)1J > 1(2) (j > 2), where I(2) I(l) 1, 1(2) I(l) + IM,; for j > 2. Again by using large
1 0 0 0
0 1 Mz -+ Moy
integers My; and by setting L(3) = (ll(f)) =@ 00 1 00 , we have ﬁilg’) > ﬁi/ll(?]?
0 0 0 1

for all j when Bl > 81}, Also we have Gill2 > 313) for j > 2 when Bilf;) = G157, Bills) > Bl

From [ == 1Y + I My, = 4@?+£M@)@>J>m WU + 1) M) > 1P 4 1P My = 1Y,

(j > 3), and nj_ 1(lj( 1 —i—l] 12ng) > IJ@) —|—12( )ng = Ij(. ) (j > 3), we have nlll(;3 = I](»S), (i > j),
ny ) > 19 (5 > 2), and wf_y1Y, - > 1P (G > 2), where I = 1} = 1, 1Y = 1Y, 1Y) =
10 - 0
0 1 0. 0
(2) + IM,; for j > 3. By repeating the process, L = (I;;) = L =1 : can be
o o0 ---1 MY*l,Y
o o0 - 1

constructed satisfying conditions (i)~(v). Note that for any ¢ # ', there is no case §;l;; = Birly/; for all
j, since det L # 0.

4.2 Proof of Theorem 2 : Step 2

Put B, = {by, | non-constant, ;¢ = bf_’fQ}, s = and s(i,j) = #{m |1 <
i i

/ if
J
STJ{—l if
0, 7/=0,7+1<7i<r
s , _ ) J ) — j—’
m 1’bm€BTj} {1, 1<7 <7,
BTJI- = {blj;---,bs;j} for 1 S] < Y. Set blj = U1y, bkj = uljbk]‘ for 2 < k < 8;—. Again set bgj = Uu2j,
Q ifr =0,
1 iflgT]’-Sr.

for 1 < j <Y. By numbering elements in BT;, let

bij = ugjby; for 3 <k < S;-. Continue these settings until bslvj = Usg! j- Let Q; = {

Then, substituting those valuables into Eq.(3) for r + (o < i < p’, we have

P
Q;s(i,5)+1 Q s(7, H+1 )
c, ji: 2004, Q)DL ey . amg(i,m), (11)
J=1 b,;ne:é,

where g(i,m) 75 0 are changed properly, by takmg into account that the neighborhood of all u;; = 0.
r+(2

Also we have Hda(w) Hdb H dd; H da; H dp(®) H u1 1u;j72 -us/jjduu - dug ).

i=1 i=1 i=r+1  m=it1
Sm;SLj::Ejzﬂlﬁ,“meungf(Qﬁ Hlqulo)andlj47(Qj@j472)+1,Qj@;473)+1wu.,1)ﬁn
j=1...,Y. Putp” = p—C( = si+ - -+s}. Definea Y xY matrix Ly and a Y x (8] —1+sh—1+-- -+s4—1)
matrix Ls by SLi 0 .. 0 n
Ly= : Do : v Ls = oo ;
0 0 --- SLy L o1y -y
Let E be the (s) —1+shb -1+ - +s, —1)x () =148, —14 -+ s} — 1) unit marix. Let

Iy - Iy

L L4L L. . . .
Br = ( 0 ;} g ) , which is a p” X p” matrix. Consider the coordinate u = (u11,u12,...,u1y) X

(U21,U31, - -+ Ugy 1, U22, U3, - - -5 Ugh, *** U2y, UBY s - - -, Ugr y) iN this order. Set op, = > RyBlL =
{>°F, 7Bl | 7 > 0} € R, where B, = (Bly,---,Bl,). There is a refinement fan A of the first

quadrant A such that op, € A [5]. Furthermore, we have a refinement fan A’ of A so that A’ is
non-singular. Since det By, = 1, a set of Br’s column vectors is a basis of ZP . So we can assume that
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op, € A’. A’is clearly a refinement of ; Since the toric variety X (A’) defined by A’ is non—singular we
have the proper map 7 : X(A') — X(A) = R?" such that my : v7 = (vf,--- ,05,) € Uy — “Aov7 € R?",
where A, = (a1, -+ ,ay), 0 = Zf;l Ria; € A’ and U, is the related subset of X (A’) to 0. In partlcular,
u=1m,, (v)= PwonU,, . Using det B = 41, we have

lig+-+ly1—1 112+122+ Hlya—1 Ly +loy +-—+lyy -1, Qi1(s7—=2)+1 Qi(s7—3)+1 1
dﬂ-UBL( ) iv Uy {U Us1 "'Us’ll

Q2(s5—2)+1, Q2(sy—3)+1 1 QY 5y =21 Qy (sy —3)+1 1 SLi4-+SLy
Ug2 Us2 T Vg Vgy Usy "Us;y} dv.

sh—1 s 2
‘7 .. O e e e . 1
The differential form H] (ugy uy) uS;jdulj duS;]) is

H{{Uljllvlf;' UlY( i Ql(s o "01'17]?22(5272)“ Gl "U;’QQ

o it a N (O BRSO 09

v
S
Y
-+ 11181+ +lY18y 1 l1251+ “Hyoshy — 1 Lysi++Hlyysy—1, Qi(si—2)+1 Ql( 1—3)+1 1
= TV V12 Uy (va7' CHA
Y
Q2(s5—2)+1, Q2(s5—3)+1 1 Qy (sy=2)+1, Qv (sy —3)+1 1 \SLis\4-+SLys) 552 0
U2 U32 T Vst Vay Usy "Us’YY) ! Y H{“zj Us’j}d"-
Y 1 I _9 Y J=1
s5—1 si— 0 o 11,9+ Hlyjsy—1 /
Set H(ulj Ugs ~~~u59jdu1j~~du53j)f (vy; )G(v')dv,
. o
!
Wherev :(’U217U31,...,'Uslll,’UQQ,'U327...,U9 2, ,V2y, U3y, ... ’Ue Y) and
' Qu(s1=2)+1, Qu(si=3)+1 1 Qa(sz=2)+1 Q2(82—3)+1 1
G(v') = £(vyy Us1 " Us11V22 U32 T Usy2

Y
Qv (8% —2)4+1 Qy (sy —3)+1 1 \SLis,+-+SLys) 5;—2 0
UQY}', Y /U,?,Y}', Y .'.vs'YY) 181++ Y Sy H{IUQ;, US;J}
j=1
Therefore, the differential form (9) is O/ = {df +---+d7, ., + C . 1 + -+ CH}*
r+(2 p T
gt e T, [T don I] @fPav. (2
= m=r—+1 m=7r+1
where C; = Z{’Uljllvll]; . UlY ( Q1(s1—2)+1 Q1( =3)+1 1}1/11 . QY(SY72)+1 QY(Sy73)+1
Jj=1 p’
1 SLi\Q;s(i,j)+1/, Qj(s(i,j)—1)+1 1
"”s;,Y) J}Q]S(l J)+ (v2jj s(%,7 "‘vs(i,j)—&-l,] Z amg 1, m on UGB

bm /

Put V; = vljvggll(sl 2+t Ql(s —+ ~-v;,11 = g;(syfz)ﬂ Qy (s =9)+1 ~-v;,yy, then we have

/

C; = Z{vllﬂvzlﬂ VYR QDI ﬁ: amglivm).
bm€B_/
By constructing a blowmg—up of ¥/ on Usp, » let us show mductlvely tflat we obtain
Vo= (ool ol (dE g, Gricaalv PLARNEE S o+ Gxly )di)
r+C2
+Chiq -+ Co Vvl - vy G(v H dd,y, ﬁ dan, H dan, H db¥)dv (13)
K;, Ti =0, m=r+1 m=K+1 m=r+1

where k; = 5(K+1,Z) \{ K —1 - 7& 0 K= K1+ +Ky+€1+<2, t; minjzl,,,,’y{lji(ijj =+ 1)},

ME‘ I
o

3

2,

2

_ Lity iz LivyQjk;+1(,Qi(kj—1)+1 1
Cr41 = Z{V1 Vo?% e TR (v Uk 41,5)
b B

andqz Z2t+zt+z{lﬂs +Q] (1+K)/2) (]'L(Q]k +1) )}*1f01‘1§l§Y

First, bet t; = mln{lh, lgz, .., lyi}. Substituting d; = v{} - - - v}¥.d; into ¥’ in Eq.(12), we have Eq.(13)
Y Y

with k; =0 and ¢; = Zlﬂs; + (K + (1 + Cg)ti —1= (Cl + C2>ti + Z(lﬂs; + Kjti) -1

J=1 Jj=1

12



e
= —1+Z2t + Z t; +Z{ jzss 1) t) ii%;g: for 1 < i <Y. Now assume
=
Eq.(13). Put 51 = Q1k1 —|— 1, B2 = Q2ka+ 1, ..., By = Qvky + 1. By the condition (iii) of L in
Eq.(10), for each pair of (i,i')7 there exists 0 S j < Y such that Bil;1 = Bilin, ..., Bilij = Biliy,
Bilijv1 > Bl jr1, - Biliy > Buliy, or Bilin = Bulin, ..., Bili; = Buliry, Bilij+1 < Birlir jy1,
..., Biliy < Bilyy. Therefore there exists ig such that B;lix > B li,x for all i and k. Set t =
Bioligk- Taking the fact B;l;i > ti for some k if j # iy into account, Cx41 can be devided by

ligiylig2 ligY 1Q; ki 41, Qig(kig—1)+1 1
(VM1 70% - V0T Qo kio " Uk 41,00

CK+1 = {Vlliol ‘/2l7‘,02 . Véj"oy}Qioki0+11}§i;0(ki0_l)+l Ce /U]ii,o-Fl,’L‘o (g(K + 1’ K + 1)GK+1 + .. ) Change the
variable from ax 41 to dx+1 by dxt1 = ax+19(K +1, K + 1)+ --- . We obtain

We can assume bgi1 € B,/ . Then we have
20

l; l; l; . . in(kin—1)+1
Cry1 = {Vyov,en. "VYOY}Q’Dk’OHU?ioO( oV -.-U]iio+1,iodK+1'
Set the funCtiOn GK+1( ) CK+1/ 101 Q10k10+1) lzo2(Q10k10+1) . ’Ulli}O/Y(QiOkingl)dK+1).
Put ¢, = min{lji(ij + 1) zoz(on(kzo +1) + 1)|1 <j<Y,j#ip}>t;for1<i<Y.
Subst1tut1ng d;, = vtl_tl g_h = t" "d; for 1 <i < K +1 into Eq.(13), we have
2t) 2t} 2t
= {11 015 - oyy (di++- '+dr+C2 +Grieo1(v )dr+<2+1+' : '+GK+1( )di(+1)+012<+2+' : 'JFCZ’}Z
K+1 r+(2
viivls ol Gy H ddy [] dam H dam, H db{Wdv,
m=r+1 m=K+2 m=r+1

where ¢ = ¢; + (t} — t;)(K + 1) Z?t—i—Zt—f—Z{lﬂs—i—Qj 1+ K;)/2) — K;(1;i(Qjk; + 1) —

ti)} + (¢ 7t)(K+1)71fOI‘1<_] <Y
Ifj 7£ Zo, then ZJZ(S =+ Q] (1 -+ K )/2) j(lji(ijj + 1) — tl) —+ (t; — tl)K = lﬂ(s —+ QJ (]. —+
)/2) (]Z(ij +1)_t ) Also we have llol(sio+Ql0K10(1+K20)/2) Zo(lm(Qloklo—"_l)_t )+
( )(K +1) = llol(s +Q10 (Klo +1)(2+Ki0)/2) - (Kio +1)(li0i<Qio (kio +1)+1) _t;)' Thus, we have

g = Z?t + Z t; + Z {Ls(s + Qi (14 K;)/2) = Kj(1js (Qyk; +1) — 1)} + Ligi (57, + Qi (Kig +
J=1,3#i0

1)(2 + KZO)/Q) (Klo + 1) (Ligi(Qig (Kiy + 1) + 1) — t;). By putting K;, — K;, + 1 and k;, — ki, + 1, we
have the induction with K + 1.

Finally, from the induction, we have the followings. Set ji as satisfying @Q;,¢;, = mini<;<yv{Q;¢;}.
Since I = n’l;1 = n/;(; and the condition (iii) of L, we have (13) with k; = (n} —1)/Q; for j # ji, kj, =
(n; )/Qj1 Lty =1j1(nf, —1) < I,and t; = ljll( —1). Put I; = m1n1<j<y{ljm’} After changing
the variable from ax 1 to dix41 and substituting d; = vﬁ t1— 10{3 bz vl{, Yiforl1<i< K+1, we
have

21, -2 21 21 2 2 2 2
\II/ — vlll U122 e UlYY (dl + 4 dT"’FCZ + GT+42+1(V/)dr+Cz+1 + -+ GK+1( /)dK—i-l)

K+1 r+C2
+CI2(+2 R 02 }Z q1 (K+1)1)(1]2 'Ug{,G H dd,, H da,, H da,, H db(w)dv (14)
m=r+1 , m= K+2 m=7r+1
P
1 n n,‘_Qj 3
where Ci 10 = Z{V i V2]2 L JY} (vy] . 'U(ln;fl)/ijLl,j) Z amg(i,m),
K=K+ +Ky+<1+¢2 and bm e

C2 , /
ji (55 +Q no+1)no/2)—no( Qg +1) — L), 7. =0,

= 2I; + I — 1+ JeATg J i
Z ; ; { ]’L S; + n + 1) /2) — TL] (l]lnj I’L); 7_]{ # O,

for 1<i<Y,
4.3 Proof of Theorem 2 : Step 3

Lii(s; + Qno(fo + 1)/2) —no(lji(Qno +1) —=t)

j

Lii(s + (nf + 1)n; /2) n;(ljin; — 1)
ot ’

Set Zji (t) =

13



If Q(Rg — fp) + 29 = 250 then
0 . Q(’FLQ + ﬁg) + 259 . Q(’FLO + ’flg) + 259 — 4ng o Q(’flo -1+ (ﬁo - 1)2) + 259
2 4Qag+4 4Qng — 4 - 4Q(g — 1) + 4
Q(np + nd) + 250
4Qny + 4 ’
o1 1 34t thon ™ " (g =) g 12
i i T 2 4717.]{ o 4(77,7.]/ — 1)
n. +n2 + 259

So, if Q(ng — 7o) + 20 = 259 and 7/ = 0, then we have Zj;(t) = (15)

=n., and Zji(t) = 2 5 (16)

4n,<
Set dl = Ui, d2 = Uldg, R dK+1 = uldK_H, V11 = U1V11 in Eq(J14) Then we have

Therefore for 77 # 0, we have n',

Vo= (w4 d 4 g, + G (V) o G (V) )
K+1 r+(2
FO% o+ -+ C2 a8 i Gy II ddp, [] dam I] dan, II db{™)dv.
m=r+1 m=K+2 m=7+1
So the poles 2’{} Ii), q’Z";l, 1 <4 <Y are obtained. By Eq.(15) and (16), we have

v/ 250+ Q (A +ii0) e 1
74Qn0+4 if T, = 0, Y

Gy
11—1 Z1+ ; Z ng 23] it %0, +‘7Z Zj (I, — 1), and

4n ’
7
o
2 Cl*(z Y’ 250+Q(Ag o) - p Th =0,

4 +1 4Qho+4 J
SR MR LD o WL Y D S
j=1

T, . if T #0, el
J

250+Q(Rg+70) i =0
1Qno+4 j )
By using I; = njli, i < j, we have Zj;(L) = §  np+n?,+25) for Y 4+1<j<Y,i<j.
747“{ if 7']’- #0,

J
g1 +1 qyr+1+1 - K

Thus, we have =...=""- =) Alsoif Y =Y’ then ———
2t 2y Q (11 —-1)

5 Proof of Main Theorem 1: Part 3

Finally, we prove that the pole in Theorem 2 and its order are max.

Lemma 3 Iff17gl7f2a927---7fmag7n >O then El 1fl > Hll {f’t
Z 1 9i i=1,....m " @;

Lemma 4 Let K € Z;. Assume that n, € Z+,7c =1,. K satisfy 0 < mp <
2Q,- -, 0<m+m+--+nx QK. Let t =m1 + - +77K—Q(i—1)+m, i1 €N,
and o =n1 4+ 202+ -+ Kng. Then ¢ > Qi(i — 1)/2 + im.

Next assume that ny € Z4, k = 1,...,K satisfy mm = 0,0 <y < 1,0 < mp+1n3 < 2,---,0<
M +n3+--+nx <K —1. Then by settingt =1+m + - +nk, and ¢ = + 2102 + -+ - + Kng, we

have 2(1 + @) >t +t. i 11/2 4 ) 5
Lemma 5 For any sg, s1,m,t with 0 < m < @ — 1, we have Qi(i )/ +m + S > Qn”+n) + SO,
20+ QGE—1)+m) 4Qn 44

i2 41 + 281 < (n+n?) + 2s;
i - 4n ’

= 2.

IN

Q,0 < n + 12
0<m<Q-—

—_

b

where n = max{i € Z | Q(i® — i) + 2i < 2s¢}, or we have where n — 1 =

max{i €Z | i® +i < 251}
Lemma 6 If some J,ST are not Special Case, then the poles appeared in Section 3 are smaller than Ao

in Main Theorem 1.
Proof Assume that B; is not Special Case. Then by g(; ) 7 < Z Dy 1,7y for by, € Bz together

JE) > g
r r 9, 7) T/
T 1 ), Z T
with Statement (e) and (f), we have 2u =2 Z . Z (l L .
£ t Ja, 7—) -/ &) 3]
i =0 =0 2ee=T T (LA ot R ) )
r ©
41 _ PN
By Lemmas 3, 4, and 5, we obtain o & + > Z min © (7). ® > A5
I =0 1<€<90,7),»/ 1 + 7]17(177_),7_/ 4+ 4 nKﬂ./,(lﬂ'),T/
Q.E.D.

Finally, let us show that the order 6 is max.
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Theorem 7 The order of the mazimum pole A\, s 0 = #0O + 1.
Proof By Lemma 6, it is enough to consider Spemal Case for all B( w), Espemally, consider the case J,(n @)
(b,*n ,0,...,0), which satisfies Statements (a’)~(f"). Suppose that Y’, Y, 7/, n’, B; = {b1j,..., Sjj},
Uij, W= (Ur, Un2, - Uty ) X (U1, ULy« ooy Ugl 1, U2, U2, -+ -5 Ugp2, " 5 UDY, UBY - - -, Ug, y') and 8 are as
before. Let N(7,5) be the number such that N(7,7)th element of u is u;;.

Let By, be an (8] + s5 + -+ 4+ s4) x (8] + 5 + -+ + s§) matrix. For simplicity, denote the (k,)th
element of By, by Br((i,7), (@, 5")) if k= N(i,5), L = N(@#,j").

We proceed Section 3 from ¥’ in Eq.(9).

Transformation (ii) or (iii) for v corresponds to P v, where BY, is a (s} +sh+- - -+ ) X (8] +5h+- - -+54)
matrix: B7((4,7), (@,5)) =

1, lf(Z .7) (73) 1, (Za :( /),

1, if (i,7]) € Al (7, ) = (K, 7'), 1, if (i, 7)) A(" @) = (ks +1,7),

1, if (4, Tj) (kr +1,7),m € C"') b, € B,, or{ 1, (z Tj) = (k- +1 7-) m e " b,, € B;,
(177—]) (K", 7"), ( ):( +1,7),

0, others, 0, others

Therefore, we have D = BL((kJ(»”) + 1,7), (k,1)). It —% is the maximum pole, we need

T4 (k1)
J

that (1) BL((E{" +1,5), (k1)) = 0 for k¥ > 1Tand 1 < j <Y, (2) geayr = Br((1,5), (k,1) for

. . 9(k,1), 7'
1<;j<Y, 3 % = ZE: 7 (1 +77§§()k,l),r]’. 4o +777(1i),(k,l),rj’-) = Br((1,4 ),(k,l))ng- and (pEi?l))T]{ =

CIGTES HES MY

n, 402, 125/ ’ / " for V' +1 < j <Y. If there are (k1,l1), ..., (ky'42,ly/4+2) which give the
st , if 77 #0,
maximum poles, then (Bp((1,Y' +1), (ki,11)), -, Br((LY'+1), (kyri2,lyr12))),
(BL((laY/+2)’(klvll))v ) BL((LYI+2),(kY/+27lY’+2)))7
S (Bo((LY), (k1,0))s -y Br((LY), (kyr42,lyr42)))

are linear, since % = B ((1, j), (k,1))n; for Y/ +1 < j <Y. Then det By, = 0. This is the contradiction.

So, the total number of (k,[) giving the maximum pole is less than Y’ + 1.

> etye ate) Dot KH#A 4307 ()
(kl)ye Ale) trit2

yJ)s (R = ork;” >1,1<75< an b)) € y 9(k,1),w, = DL yJ ) (R, orl <j<
1), (k1) =0 for k) > 1,1 < j <Y and (k,1) € A, (2) g = Br((1,5), (k1)) for 1 < j <Y

and (k,1) € A, (3) There exist (ko,lo) € A and & such that "8 = By ((1, j), (ko,lo))n; — 1 and
Q(Ro+ng)+2s0—270 i =0

soﬁif,)lo) =3 w2n, fgs;. 7 for Y/ +1 <5 <Y, (4) For (k1) # (ko,lo) or & # &, we
— if T’» £ 0,

9k, 0,7 .

7Q("°+"°)+250 1f =0
soﬁ?m o for Y/ +1<j<Y.
———, if 7} #0,
Therefore, we similarly have the contradiction to the order Y’ + 2.
The end of the proof of Main Theorem 1

Next assume that — is the maximum pole. We have (1) BL((kEH) +

References

[1] Aoyagi, M. and Watanabe, S., Stochastic Complexities of Reduced Rank Regression in Bayesian
Estimation, Neural Networks, No. 18, pp.924-933, 2005.

[2] Hironaka, H., Resolution of Singularities of an algebraic variety over a field of characteristic zero,
Annals of Math., vol. 79, pp.109-326, 1964.

[3] Watanabe, S., Algebraic analysis for nonidentifiable learning machines, Neural Computation, 13 (4),
pp- 899-933, 2001.

[4] Watanabe, S., Algebraic geometrical methods for hierarchical learning machines, Neural Networks,
14 (8), pp. 1049-1060, 2001.

[p) 0O0O0O,0000,00000,0000,0000,0000,0000,0000000000O00,
000002005, p. 195.

15



