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It is well-known that, in singular models, the Bayes estimation provides much better

generalization performance than the maximum likelihood (ML) estimation. However,

its accurate approximation by Markov chain Monte Carlo methods requires huge

computational costs. As an alternative, a tractable approximation method, called

the variational Bayes (VB) approach, has recently been proposed and been attracting

people’s attention. Its advantage over the expectation-maximization algorithm, which

was proposed to realize the ML estimation, has been experimentally shown in many

applications, however, has not been theoretically shown yet.

In this thesis, focusing on three-layer linear neural networks (LNNs), the simplest

singular models, we analyze the VB approach and a subspace Bayes (SB) approach,

the other approximation method considered to be an extension of the empirical Bayes

approach. We derive their solutions, and then theoretically clarify their generalization

properties, i.e., the generalization error, the training error, and the free energy. We

thus discuss when and why the approximation methods provide good generalization

performance. As a result, we find the following facts: that, in LNNs, the SB and

the VB approaches are asymptotically equivalent to a positive-part James-Stein type

shrinkage estimation and another one, respectively, which are similar to each other;

that, in typical cases, they provide good generalization performance comparable to the

Bayes estimation; that they have not only a property similar to the Bayes estimation

but also another property similar to the ML estimation; and that the free energy and

the generalization error in the VB approach are not simply related with each other,

unlike in the Bayes estimation.

We also consider the delicate situations when the Kullback-Leibler divergence of the

true distribution from the singularities is comparable to the inverse of the number of

training samples. This consideration is important in model selection problems and in

statistical tests, and necessary to show the consistency of our results with the proved

admissibility of the Bayes estimation.
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