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Abstract. Variational Bayesian learning is proposed for approximation
method of Bayesian learning. In spite of efficiency and experimental good
performance, their mathematical property has not yet been clarified.
In this paper we analyze variational Bayesian Stochastic Context Free
Grammar which includes the true distribution thus the model is non-
identifiable. We derive their asymptotic free energy. It is shown that in
some prior conditions, the free energy is much smaller than identifiable
models and satisfies eliminating redundant non-terminals.

1 Introduction

Stochastic Context Free Grammar (SCFG) is a statistical model used for infer-
ring a grammar from given symbols. Whereas Hidden Markov Model (HMM)
is a stochastic version of a regular grammar, SCFG is that of a context free
grammar which is one step higher order in the Chomsky’s hierarchy. Until now,
SCFG has been mainly used in a natural language processing, now come into
be used in a RNA analysis and the knowledge discovery whose problems has a
secondary or nested structure that cannot be modeled in HMM. However SCFG
enjoys an increasing demand, their fundamental mathematical property, such as
the generalization error and the theoretically founded model selection, has not
yet been clarified.

The main obstacle for analyzing SCFG is non-identifiability. In a learning
machine p(x|θ) which has parameters θ, we define the machine is identifiable if
the mapping of the parameter to the machine is one to one, otherwise we define
the machine is non-identifiable. Many learning machines with hidden variables
such as SCFG are non-identifiable. In a non-identifiable machine, Fisher infor-
mation matrix is degenerated, therefore we cannot apply conventional methods
which assume positive definiteness of the matrix.

In Bayesian learning, including a non-identifiable machine, asymptotic be-
havior of the free energy was clarified based on the algebraic analysis[11]. The
result shows that in a non-identifiable machine, the free energy and the gener-
alization error are much smaller than an identifiable machine in contrast to the



maximum likelihood method has larger generalization error than an identifiable
machine. This result shows the effectiveness of a non-identifiable machine with
Bayesian learning. However, in Bayesian learning, we need multiple integrals in
averaging by the posterior distribution. It was well known that this operation is
difficult in general. Therefore, we need to seek some approximation methods.

Recently, as an efficient approximation method, variational Bayes was pro-
posed. Variational Bayes approximates a true posterior distribution by a trial
distribution which minimizes the distance from the true posterior measured by
Kullback information. In real world problems, many reports show variational
learning achieves the small computational cost and the good generalization per-
formance[1, 2, 5]. However theoretical properties of the method such as the ap-
proximation accuracy and the behavior of the free energy is not yet been clarified.

In variational Bayes, it was already analyzed that the asymptotic form of
the free energy in the mixture of exponential family, linear neural networks and
HMM[11, 8, 4]. In this paper, we give the analysis of variational Bayesian SCFG.

2 SCFG

In this section, we define SCFG. First, without loss of generality, we can assume
the grammar was written by Chomsky’s normal form. Let the model has K non-
terminal symbols and M terminal symbols. The observation sequence of length
L is written by X = {x1, · · · , xL} ∈ {1, · · · , M}L. Then, the learning machine
is defined by

p(x|θ) =
∑

t∈T

pt(x|θ), (1)

θ = {a, b}, a = {ai
jk}(1 ≤ i, j, k ≤ K), b = {bim}(1 ≤ i ≤ K, 1 ≤ m ≤ M)

where T is the set of trees that generates a sequence of length L, and t is an
element of the set. Moreover the parameter ai

jk represents a probability that
the nonterminal symbol i emits the pair of nonterminal symbols (j, k) and bim

represents a probability that the nonterminal symbol i emits the terminal symbol
m. Those parameters {a, b} have constraints

ai
ii = 1−

∑

(j,k)6=(i,i)

ai
jk, biM = 1−

M−1∑
m=1

bim

respectively.

3 Bayesian Learning and Variational Approximation

3.1 Bayesian Learning

In this section we describe Bayesian learning. Let we observe n samples Xn =
{X1, . . . , Xn} that was generated by the true distribution p0(x). We define the



learning machine p(x|θ) that have parameters θ and the prior distribution ϕ(θ)
of the parameters.

Then, the posterior distribution of the parameters was written by

p(θ|Xn) =
1

Z(Xn)

n∏

i=1

p(Xi|θ)ϕ(θ),

where Z(Xn) is a normalizing constant.
We define free energy as a negative logarithm of the normalizing constant

F (Xn) = − log Z(Xn).

The free energy is equivalent to a logarithm of the marginal likelihood and
also called a stochastic complexity. This quantities is used in model selection
or estimation of hyperparameters. In Bayes learning, it was well known that a
generalization error G(n) is written by increase of free energy.

G(n) = F (n + 1)− F (n).

Including a non-identifiable case, the asymptotic form of the free energy was
obtained [10]. We define the expected free energy as

F (n) = 〈− log
∫ n∏

i=1

p(Xi|θ)ϕ(θ)dθ〉p0(Xn) − nS

where the notation 〈〉p(x) represents an expectation over the distribution p(x)
and S is an entropy of the true distribution defined by

S = −
∫

p0(x) log p0(x)dx,

whose value is independent of a learning machine.
Then, F (n) has a following asymptotic form

F (n) = λ log n− (m− 1) log log n + O(1),

where the constants −λ is a positive rational number and m is a natural number.
We call λ as a learning coefficient of Bayes learning.

In an identifiable model, a learning machine that has d model parameters
has λ = d

2 . However, in non-identifiable models, a learning coefficient λ is much
smaller than d

2 .
In Bayesian SCFG, an upper bound of the learning coefficient was obtained[12].

We assume following conditions,
(A1) The true distribution has K0 nonterminal symbols.
(A2) The learning machine is given by (1).
(A3) The prior distribution is strictly positive at singular points.



Then, using an algebraic geometrical method, it was shown that an upper bound
of the learning coefficient satisfies inequality

λ ≤ K0(K2
0 − 1) + K0(M − 1) + K0(K2 −K2

0 )
2

. (2)

Note, this quantity is much smaller than a number of parameters

K(K2 − 1) + K(M − 1)
2

.

3.2 Variational Bayes [1]

Next, we describe variational Bayesian learning. We define a complete sample
as a pair of the observation sample Xn = {X1, . . . , Xn} and the corresponding
hidden variables Y n = {Y1, . . . , Yn}. Then Bayes free energy is written by

F (Xn) = − log
∫ ∑

Y n

n∏

i=1

p(Xi, Yi|θ)ϕ(θ)dθ

= − log
∫ ∑

Y n

p(Xn, Y n|θ)ϕ(θ)dθ

where the sum
∑

Y n takes all pair of the hidden variables.
Variational Bayes learning approximates Bayes free energy by the arbitrary

trial distribution q(Y n, θ). By using Jensen’s inequality, the free energy is upper
bounded as

F (Xn) = − log
∫ ∑

Y n

q(Y n, θ)
p(Xn, Y n|θ)ϕ(θ)

q(Y n, θ)
dθ

≤ −
∫ ∑

Y n

q(Y n, θ) log
p(Xn, Y n|θ)ϕ(θ)

q(Y n, θ)
dθ ≡ Fv(Xn).

Rewrite this equation by using p(Xn, Y n, θ) = p(Y n, θ|Xn)p(Xn),

Fv(Xn) = F (Xn) +
∫ ∑

Y n

q(Y n, θ) log
q(Y n, θ)

p(Y n, θ|Xn)
dθ.

From this equation, we can see that a minimization of Fv(Xn) is equivalent to
a minimization of Kullback information from the trial posterior q(Y n, θ) to the
true posterior p(Y n, θ|Xn) and equality holds if and only if the true posterior
coincides with the trial posterior. Additionally, we can evaluate an approximation
accuracy by the difference of Bayes free energy and variational free energy.

In variational Bayes, for computational efficiency, we constrain the trial dis-
tribution q(Y n, θ) to a independent form q(Y n)r(θ) between the hidden variables



and the model parameters. We call the constrained free energy as variational free
energy F v(Xn) which is given by

F (Xn) ≤ −
∫ ∑

Y n

q(Y n)r(θ) log
p(Xn, Y n|θ)ϕ(θ)

q(Y n)r(θ)
dθ

= −
∫ ∑

Y n

q(Y n)r(θ) log
p(Xn, Y n|θ)

q(Y n)
dθ +

∫
r(θ) log

r(θ)
ϕ(θ)

dθ ≡ F v(Xn).

F v(Xn) is a functional over the arbitrary distribution q(Y n) and r(θ). When
we select the learning machine p(Xn, Y n) from exponential family with hidden
variables and choose the corresponding conjugate prior, we can derive a very
efficient EM like algorithm. In SCFG, it was the efficient algorithm known as
Inside-Outside algorithm [7] and the extension to variational Bayes was also
proposed [5].

4 Main Result

Let F v(n) as expectation over the sample set. In this paper, we clarify an asymp-
totic form of F v(n) as number of samples goes to infinity. We define the expected
variational free energy as

F v(n) = 〈F (Xn)〉p0(Xn) − nS

= 〈min
q,r
{−〈log

p(Xn, Y n|θ)
q(Y n)

〉q(Y n)r(θ) + log p0(Xn)

+
∫

r(θ) log
r(θ)
ϕ(θ)

dθ}〉p0(Xn) (3)

and assume the following (A1), (A2), (A3), (A4) conditions.
(A1) True distribution p0(x) has K0 nonterminal symbols and M terminal

symbols and written with constants θ∗ as

p0(x|θ∗) =
∑

t∈T

p0t(x|θ∗)

θ∗ = {a∗, b∗}
a∗ = {a∗ijk}(1 ≤ i, j, k ≤ K0, (j, k) 6= (i, i))

b∗ = {b∗im}(1 ≤ i ≤ K, 1 ≤ m ≤ M − 1)

a∗iii = 1−
∑

(j,k)6=(i,i)

ai
jk, b∗iM = 1−

M−1∑
m=1

bim.

However SCFG has a non-trivial non-identifiability as HMM [6, 3], we assume
K0 is the smallest number of non-terminal symbols on this parametrization.

(A2) The learning machine is given by (1) and includes the true distribution,
namely, the number of nonterminals K satisfies the inequality K0 ≤ K.



(A3) The prior distribution of parameters a = {ai
jk} and b = {bim} are

Dirichlet distribution with hyperparameter φ0 and ξ0.

ϕ(a) =
K∏

i=1

Γ (K2φ0)
Γ (φ0)K2

K∏

j=1,k=1

(ai
jk)φ0−1,

ϕ(b) =
K∏

i=1

Γ (Mξ0)
Γ (ξ0)M

M∏
m=1

bξ0−1
im .

(A4) Variational Bayes estimator is consistent.

Theorem 1. Under the condition (A1) to (A4), expectation of variational free
energy satisfies as number of samples goes to infinity

F v(n) = λ log n + O(1) (n →∞).

Where the learning coefficient λ is given by

λ =





K0(K
2
0−1)+K0(M−1)

2 + K0(K2 −K2
0 )φ0

(φ0 ≤ K2
0+KK0+K2+M−2

2(K2
0+KK0)

),
K(K2−1)+K(M−1)

2

(φ0 >
K2

0+KK0+K2+M−2

2(K2
0+KK0)

).

(4)

Proof. In SCFG, the log likelihood of a sequence of the complete sample {X, Y }
is given by

log p(X, Y |θ) =
L∑

t=2

K∑

i,j,k=1

yi
t,jk log ai

jk +
L∑

t=1

K∑

i=1

M∑
m=1

ŷt,ixt,m log bim

where the state i of ŷt,i indicates the tth leaf from the left of the tree that has
L leafs. Moreover, we define expected sufficient statistics as

ni
jk =

L∑
t=2

〈yi
t,jk〉q(Y ), ni =

K∑

j,k=1

ni
jk

nim =
L∑

t=1

〈ŷt,i〉q(Y )xt,m, n̂i =
M∑

m=1

nim.

Then, the posterior distributions are given by

r(a) =
K∏

i=1

Γ (ni + K2φ0)∏K
j,k=1 Γ (ni

jk + φ0)

K∏

j,k=1

(ai
jk)ni

jk+φ0−1,

r(b) =
K∏

i=1

Γ (n̂i + Mξ0)∏M
m=1 Γ (nim + ξ0)

M∏
m=1

bnim+ξ0−1
im .



First, we consider a lower bound. About the first term, using Jensen’s in-
equality, we can evaluate as follows

−
∫ ∑

Y n

q(Y n)r(θ) log
P (Xn, Y n|θ)

q(Y n)
dθ

≥ − log〈p(Xn|θ)〉r(θ) ≥ − log p(Xn|θ∗).
Where θ∗ is the maximum likelihood parameter and using the fact that the
predictive distribution 〈p(Xn|θ)〉r(θ) has a same form as the learning machine
p(Xn|θ∗). In finite dimensional models, as samples goes to infinity, it was known
that the log likelihood ratio converged to O(1) under weak conditions. SCFG
that has a finite number of terminals and finite length of a sequence satisfies
these assumptions. Therefore, the first term of θ∗ satisfies inequality

− 〈log
p(Xn, Y n|θ)

q(Y n)
〉q(Y n)r(θ) + log p0(Xn) (5)

≥ log
p0(Xn)

p(Xn|θ∗) → Op(1) (n →∞).

where the right hand side is the log likelihood ratio.
Next, we consider a second term of F v(n).
∫

r(θ) log
r(θ)
ϕ(θ)

dθ = K(r(θ)||ϕ(θ))

Above equation is Kullback information from the posterior to the prior. Specif-
ically, it is written by expected sufficient statistics as

K(r(θ)||ϕ(θ)) =
K∑

i=1

{
log Γ (ni + K2φ0)− niΨ(ni + K2φ0)

−
K∑

j,k=1

{log Γ (ni
jk + φ0)− ni

jkΨ(ni
jk + φ0)}

}

+
K∑

i=1

{
log Γ (n̂i + Mξ0)− n̂iΨ(n̂i + Mξ0)

−
M∑

m=1

{log Γ (nim + ξ0)− nimΨ(nim + ξ0)}
}

+ const, (6)

An asymptotic form of the equation is written with asymptotic forms of Psi
function Ψ(x) and log Gamma function log Γ (x)

Ψ(x) = log x + O(1),

log Γ (x) = (x− 1
2
) log x− x + O(1) (x →∞),



K(r(θ)||ϕ(θ))

=
K∑

i=1

{
(K2φ0 − 1

2
) log(ni + K2φ0)−

K∑

j,k=1

{(φ0 − 1
2
) log(ni

jk + φ0)}
}

+
K∑

i=1

{
(Mξ0 − 1

2
) log(n̂i + Mξ0)−

M∑
m=1

{(ξ0 − 1
2
) log(nim + ξ0)}

}
+ O(1).

(7)

To evaluate the coefficient of the leading term, let each ni has order αith
power of n and ni

jk has order βi
jkth power of n.

ni = pin
αi + o(nαi), (0 < pi, 0 ≤ αi ≤ 1, i = 1, . . . ,K),

ni
jk = pi

jknβi
jk + o(nβi

jk), (0 < pi
jk, 0 ≤ βi

jk ≤ 1, j, k = 1, . . . , K).

Then, using the assumption (A2),

log(ni + K2φ0) = log(n̂i + Mξ0) = αi log n + o(log n),

log(ni
jk + φ0) = βi

jk log n + o(log n), (8)

log(nim + ξ0) = αi log n + o(log n)

is holds. Substitute (8) to (7), we get

K(r(θ)||ϕ(θ))
log n

=
K∑

i=1

{(K2φ0 − 1
2
)αi −

K∑

j,k=1,αi 6=0

(φ0 − 1
2
)βi

jk}

+
K∑

i=1

{(M

2
− 1

2
)αi}+ o(1) (n →∞). (9)

where the inner sum is taken only αi 6= 0 by the constraint of ni =
∑K

j,k=1 ni
jk.

To consider minimization of (9), using (A4), we divide the sum into the true
K0 terms and the redundant K − K0 terms. We can see that in case φ0 < 1

2 ,
minimization is achieved by eliminating redundant non-terminals, and in case
φ0 ≥ 1

2 , minimization is achieved by αi having same order of βi
jk. Therefore,

assume the learning machine uses redundant l(0 ≤ l ≤ K −K0) non-terminals,
we get

K(r(θ)||ϕ(θ))
log n

=
K0∑

i=1

{(K2φ0 +
M

2
− 1)αi +

K0∑

j,k=1

(
1
2
− φ0)βi

jk}

+
K∑

i=K0+1

{(K2φ0 +
M

2
− 1)αi −

K∑

j,k=K0+1
αi 6=0

(φ0 − 1
2
)βi

jk}+ o(1)

=
K0∑

i=1

{(K2φ0 +
M

2
− 1)αi −

K0∑

j,k=1

(φ0 − 1
2
)βi

jk}+ g(l) + o(1),
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Fig. 1. Schematic diagram of variational free energy.
In case of the true distribution has 2 non-terminals and 10 terminals. The horizontal
axis is number of non-terminals of learning machine and the vertical axis is the learning
coefficient λ̄. The solid line is large φ0 and coincides with BIC. The dotted line is
φ0 = 0.1.

where g(l) is given by

g(l) = (K2φ0 +
M

2
− 1)l + (

1
2
− φ0)((k0 + l)3 − k3

0).

Then, the l that minimize g(l) is given by
{

l = 0 (φ0 ≤ K02+KK0+K2+M−2
2(K2

0+KK0)
)

l = K −K0 (φ0 > K02+KK0+K2+M−2
2(K2

0+KK0)
).

In case of a upper bound, these conditions satisfies including the true distri-
bution, then we can set ni and ni

jk appropriately so that F v(n) ≤ λ̄ log n+O(1)
as n tends to infinity. Finally, substitute (K0 + l) to (9) completes the proof. ut

5 Discussion

First, the asymptotic variational free energy is divided into two case by the
hyperparameter of non-terminals φ0. In case of large φ0, the learning coefficient
λ̄ is coincide with half of the model parameters and equivalent to BIC [9]. In
case of small φ0, the minimum of the free energy satisfies eliminates redundant
non-terminals and much smaller than model parameters (figure1). In the case of
eliminating the redundant non-terminals, Variational Bayes learning is achieved
with small number of estimated parameters than maximum likelihood method
and has the effect of avoiding the overfitting.



Second, to evaluate approximation accuracy, we compare variational free en-
ergy to Bayes free energy. Compare the case of the model has uniform prior
distribution (φ0 = 1.0). Then, we can see that variational free energy is always
greater than Bayes upper bound. Hence, variational Bayes posterior distribution
does not coincide with Bayes one even asymptotically.

6 Conclusion

In variational Bayesian SCFG, we evaluate the asymptotic form of variational
free energy which is objective function of the method. In some prior conditions,
variational free energy is much smaller than identifiable models and satisfies
eliminating redundant non-terminals. Moreover, this result also gives a criterion
for learning algorithms of variational Bayes estimators.
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